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Abstract A few approaches are derived to calculate three-particle integrals which
include spherical Bessel functions of the first and second kind, i.e., the j�(Vr) and
n�(Vr) functions. Such integrals are important in applications to various problems
known in atomic and nuclear physics. In particular, these integrals are needed in
accurate computations of the photodetachment cross-section(s) of negatively charged
hydrogen ions.
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1 Introduction

In different areas of physics there are real situations where one (or few) particles in
a few-body system becomes free after some ‘fast’ process in the originally stable
system. For instance, the non-relativistic photodetachment of the negatively charged
hydrogen ion H−, leads to the formation of the neutral hydrogen atom H and one
‘free’ electron (emitted photo-electron). Such an electron can be considered as a free
electron, if we can neglect its interaction with the final (neutral) atom. Numerical
calculations of the final state probabilities are reduced to computations of some three-
particle integrals which include spherical Bessel functions of the first and second kind.
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Another example is the formation of the protium and tritium atoms during the (3He,
n; p, t)-nuclear reaction. This reaction is highly exothermic (�E ≈ 0.764 MeV).
The energy released during this reaction accelerates two final nuclei (protium and
tritium) to relatively high velocities, which are larger than regular atomic velocities va
[1]. The formation of final atoms/ions also leads to computations of integrals which
include Bessel functions. The same integrals arise during calculations of the final state
probabilities in atoms/molecules undergoing the nuclear β±-decay.

To define three-particle integralswhich include spherical Bessel functions let us dis-
cuss the problem of atomic photodetachment. In the middle of 1940’s Chandrasekhar
tried to develop an effective procedure to calculate the photodetachment cross-section
of the negatively charged hydrogen H− ion [2–4], i.e. the cross-section of the process
H− + h̄ω = H + e−. In his calculations he applied accurate variational wave functions
of the H− ion which had become avaliable at that time which reduced the original
problem to calculations of the following integral

∫ +∞

0

∫ +∞

0

∫ r2+r1

|r2−r1|
exp(−αr2 − βr1) j1(Kr2)r

n1
2 rn21 rn321dr2dr1dr21 (1)

where j1(x) = sinx
x2

− cosx
x is the Bessel function of the first kind. Also, in Eq. (1) and

below α, β are the positive real numbers, while n1, n2, n3 are the non-negative inte-
ger numbers. To determine the integral, Eq. (1), Chandrasekhar used an approximate
numerical method, since closed analytical formulas for integrals similar to the integral
defined in Eq. (1) were not known.

Later similar integrals we found in various few-body problems. Finally, we need
to consider the problem of analytical and numerical calculations of three-particle
integrals which include spherical Bessel functions of the first and second kind, i.e., the
j�(Vr) and n�(Vr) functions. The general three-particle integral with the spherical
Bessel function jL(kr32) is defined in the following form

J L(α, β, γ ; n1, n2, n3) =
∫ +∞

0

∫ +∞

0

∫ r32+r31

|r32−r31|
exp(−αr32−βr31−γ r21) jL(Kr31)

×rn132r
n2
31r

n3
21dr32dr31dr21 (2)

where ni (i = 1, 2, 3) are integer non-negative numbers. This form of the three-particle
integral is more general than defined by Eq. (1). Formally, Eq. (2) can be considered as
the ‘three-dimensional’ Laplace transform of the Bessel function jL(Kr31). However,
such a definition of Laplace transform leads to a number of problems, since three
relative coordinates r32, r31 and r21 are not truly independent (see discussion below).

General three-body integrals with the spherical Neumann function nL(kr31) are
defined analogously [5], i.e.

NL(α, β, γ ; n1, n2, n3) =
∫ +∞

0

∫ +∞

0

∫ r32+r31

|r32−r31|
exp(−αr32 − βr31−γ r21)nL(Kr31)

×rn132r
n2
31r

n3
21dr32dr31dr21 (3)
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where α, β, γ are the varied, non-linear parameters (real numbers). In Eqs. (2)–(3) the
three variables r32, r31 and r21 are scalar interparticle distances ri j =| ri − r j |= r ji ,
which correspond to the sides (or ribs) of the triangle formed by the three particles 1, 2
and 3. Note that the three relative coordinates are not completely independent of each
other, since, e.g., r21 ≤ r32 +r31 and r21 ≥| r32 −r31 | and this complicates analytical
and numerical computations of the three-body integrals in the relative coordinates.
To avoid numerous problems which follow from partial dependence of the relative
coordinates, in our earlier works we have used three perimetric coordinates u1, u2, u3
which can be expressed as linear combinations of the three relative coordinates r32, r31
and r21 (see, e.g., [6]). The three perimetric coordinates u1, u2, u3 are independent of
each other and each of them changes between 0 and+∞. This approach is very general
and quickly leads to closed analytical expressions for the integrals Eqs. (2)–(3) with
different powers of three variables r32, r31 and r21. However, for certain types of three-
particle integrals, e.g., for integrals inwhich the function F(r32, r31, r21) depends upon
one relative coordinate only, the methods based on the perimetric coordinates are too
complex and not very effective in applications. It is clear that in such cases we need to
develop more effective and direct methods for calculations of three-body integrals in
which F(r32, r31, r21) = f (r32), where f (r32) can also be equal to the jL(r32) and/or
nL(r32) functions. With such methods in hand one can say that the original problem
is solved completely and accurately.

Let us discuss another approach which is based on the direct integration of Eqs. (2)–
(3) in the relative coordinates. This approach is not universal and it can be applied only
in those cases when the function F(r32, r31, r21) depends upon one relative coordinate
only. Below,without loss of generality, we shall assume that F(r32, r31, r21) = f (r32).
In this case the three-particle integral is written in the form

I (α, β, γ ; f ) =
∫ +∞

0

∫ +∞

0

∫ r32+r31

|r32−r31|
f (r32)

× exp(−αr32 − βr31 − γ r21)r32r31r21dr32dr31dr21 (4)

or, we can write:

I (α, β, γ ; f ) = − ∂3

∂α∂β∂γ
J (α, β, γ ; f ) (5)

where

J (α, β, γ ; f )=
∫ +∞

0

∫ +∞

0

∫ r32+r31

|r32−r31|
f (r32) exp(−αr32−βr31−γ r21)dr32dr31dr21

(6)

Three-particle integrals, Eq. (4), arise in various three- and few-body problems, e.g.,
when the exponential variational expansion in the relative (or perimetric) coordinates
is used to approximate wave functions of the incident (bound) state and the second
particle becomes unbound during such a process. In general, such an expansion is
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very effective in actual bound state calculations, since it is compact and accurate at
the same time (for more detail, see, [7,8] and references therein).

The first approach developed in this study for calculations of the three-particles
integrals, Eq. (4), is based on the following analytical formula for the integral
J (α, β, γ ; f ), Eq. (6):

J (α, β, γ ; f ) = 2

β2 − γ 2

{∫ +∞

0
f (r32) exp[−(α + β)r32]dr32

−
∫ +∞

0
f (r32) exp[−(α + γ )r32]dr32

}

= 2

β + γ

[ L p( f ;α + β) − L p( f ;α + γ )

β − γ

]
(7)

where it is assumed that β �= γ . Formally, we can say that analytical computations of
the J (α, β, γ ; f ) integrals, Eq. (6), are reduced to computations of the two Laplace
transformations (L p) of the function f (x; s) with the two different exponents s1 =
α+β and s2 = α+γ . With the use of expression, Eq. (7), we can re-write the formula
Eq. (5) in the form

I (α, β, γ ; f ) = − ∂2

∂β∂γ

{ 2

β2 − γ 2

[∂L p( f ;α + β)

∂α
− ∂L p( f ;α + γ )

∂α

]}

= − ∂2

∂β∂γ

{ 2

β2 − γ 2

[
L(α)
p ( f ;α + β) − L(α)

p ( f ;α + γ )
]}

(8)

where L(α)
p ( f ;α + β) = ∂L p( f ;α+β)

∂α
. Note that the term L(α)

p ( f ;α + β) does not

depend upon the non-linear parameter γ , while the analogous term L(α)
p ( f ;α + γ )

does not depend upon the non-linear parameter β. These two facts drastically simplify
analytical computation of all derivatives with respect to the non-linear parameters β

and γ in Eq. (8).
For the first time, one of us (AMF) derived the formulas, Eqs. (7)–(8) in the mid-

1980’s. Since then these formulas have been used in a number of applications, e.g., to
derive analytical expressions for the matrix elements of some short-range potentials.
It should be mentioned that applications of the formula, Eq. (7), are quite restricted,
since the backward transition from Eq. (6) to Eq. (4) leads to numerical instabilities in
the formulas arising in this approach. The source of such instabilities is clear, since the
integral J (α, β, γ ; f ), Eq. (7), takes the form 0

0 , when β → γ . A meaningful formula
for the 0

0 fraction can be obtained with the use of L‘Hôpital ′s rule, but then we need
to calculate the partial derivatives of the third order from the arising expression. A
general approach for calculations of such integrals is discussed in Sect. 2 below. In
Sect. 3we derive the explicit formulas for the integrals J (α, β, γ ; f )which include the
spherical Bessel and Neumann functions. Analytical computations of the derivatives
of these formulas are considered in Sect. 4. Concluding remarks can be found in the
last Section.
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2 General approach

In those cases when β = γ + �, where the value of � is relatively large, one can
apply the formula, Eq. (8), directly. The arising formulas, however, cannot be used
when β → γ , or � → 0. Formally, even in such cases we can use Eq. (8), but
its denominator contains the common factor �3. Therefore, to produce some useful
expression in the cases when β → γ and β = γ we need to show that all terms in
the numerator, which contains the factors � and �2, are cancel each other. Moreover,
to evaluate such expressions in those cases when � ≈ 0 we need to produce explicit
formulas for the ‘higher’ terms with the factors �4,�5, etc. Practical experience
indicates that the approach based on Eq. (8) is not an optimal way to derive the explicit
formulas for the three-particle integrals. Instead, we can use a different approach.

Let us replace the two variables β, γ by the two new variables γ,�, where β =
γ + �. The variable � is assumed to be small in comparison with each of the β and
γ variables. In these variables Eq. (8) takes the form

I (α, γ +�, γ ; f )=− ∂2

∂γ ∂�

{ 2

2γ + �
· L

(α)
p ( f ;α + γ + �) − L(α)

p ( f ;α + γ )

�

}

(9)

As one can see from this formula, in order to determine the integral I (α, γ +�, γ ; f )
we need to derive the explicit formulas for the first four terms in the Taylor series of
the L(α)

p ( f ;α + γ + �) function (in terms of �):

L(α)
p ( f ;α + γ + �) = T0 + T1� + T2�

2 + T3�
3 + · · · (10)

This allows one to write the following expression for the I (α, γ + �, γ ; f ) integral

I (α, γ + �, γ ; f ) = − ∂2

∂γ ∂�

[ 2

2γ + �
(T1 + T2� + T3�

2 + · · · )
]

(11)

where γ �= 0. This expression is non-singular and analytical calculations of the
two derivatives in Eq. (11) does not present any problem. The derivation of explicit
formulas for the T1, T2, T3, and other coefficients of the Taylor expansion of the
L(α)
p ( f ;α + γ + �) function is the last step of this procedure which is much sim-

pler than an alternative method described at the beginning of this Section. Bearing
this in mind, below we discuss analytical derivation of explicit formulas for the
I (α, β, γ ; f ), J (α, β, γ ; f ), I (α, γ + �, γ ; f ) and J (α, γ + �, γ ; f ) integrals.

3 Formulas for the J(α, β, γ ; f ) integrals

First, we derive the explicit formulas for the integrals J (α, β, γ ; f )which include the
spherical Bessel and Neumann functions. In the case of the spherical Bessel functions
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j�(x) which are traditionally defined by the equation

j�(x) =
√

2

πx
J�+ 1

2
(x) =

√
2

π
x

1
2−1 J�+ 1

2
(x) (12)

the integral J (α, β, γ ; f ) is written in the form

J (α, β, γ ; j�(Vr32)) =
√

2

π

∫ +∞

0

∫ +∞

0

∫ r32+r31

|r32−r31|
r

1
2−1
32 J�+ 1

2
(Vr32)

× exp(−αr32 − βr31 − γ r21)dr32dr31dr21

=
√

2

π

2

β2−γ 2

{∫ +∞

0
r

1
2−1
32 J�+ 1

2
(Vr32) exp[−(α+β)r32]dr32

−
∫ +∞

0
r

1
2−1
32 J�+ 1

2
(Vr32) exp[−(α + γ )r32]dr32

}

=
√

2

π

2

β2 − γ 2

[
F(α + β, V ) − F(α + γ, V )

]
(13)

where V is a numerical parameter and the two-argument function F is

F(α + β, V ) =
∫ +∞

0
r

1
2−1
32 · J�+ 1

2
(Vr32) · exp[−(α + β)r32]dr32 (14)

is the Laplace transform of the r− 1
2 · J�+ 1

2
(Vr) function. By using the formula

Eq. (6.621) from [9] we transform the explicit expression for the F(α+β, V ) function
to the form

F(α + β, V ) =
(
V
2

)�+ 1
2

[(α + β)2 + V 2] �+1
2

· �!

(� + 3

2 )
· 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; q2

)

(15)

where q = V√
(α+β)2+V 2

(≤ 1) and 
(z) is the Euler’s 
−function [10]. Note that the

hypergeometric function in Eq. (15) is written in the form 2F1(a, a; a + a + 1
2 ; y).

Therefore, with the use of the so-called quadratic transformation we can reduce this
hypergeometric function to the associated Legendre function of the first kind Pμ

ν (x).
The final expression for the F(α + β, V ) function takes the form

F(α + β, V ) = �!
[(α + β)2 + V 2] 14

· P−�− 1
2

− 1
2

( α + β√[(α + β)2 + V 2]
)

(16)

Analogous formulas can be produced for the spherical Bessel functions of the
second kind (or Neumann functions) which are defined by the equation
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n�(x) =
√

2

πx
N�+ 1

2
(x) =

√
2

π
x

1
2−1N�+ 1

2
(x) (17)

The corresponding three-body integral I (α, β, γ ; n�(Vr32)) is written in the form

I (α, β, γ ; n�(Vr32)) =
√

2

π

∫ +∞

0

∫ +∞

0

∫ r32+r31

|r32−r31|
r

1
2−1
32 N�+ 1

2
(Vr32)

× exp(−αr32 − βr31 − γ r21) × dr32dr31dr21

=
√

2

π

2

β2−γ 2

{∫ +∞

0
r

1
2−1
32 N�+ 1

2
(Vr32) exp[−(α+β)r32]dr32

−
∫ +∞

0
r

1
2−1
32 N�+ 1

2
(Vr32) exp[−(α + γ )r32]dr32

}

=
√

2

π

2

β2 − γ 2

[
G(α + β, V ) − G(α + γ, V )

]
(18)

where the G-function is

G(α + β, V ) =
∫ +∞

0
r

1
2−1
32 N�+ 1

2
(Vr32) exp[−(α + β)r32]dr32

= − 2

π

�!
[(α + β)2 + V 2] 14

· Q−�− 1
2

− 1
2

( α + β√[(α + β)2 + V 2]
)

(19)

where Qμ
ν are the associated Legendre functions of the second kind. The explicit

expression of the G(α + β, V ) function written in terms of the hypergeometric func-
tions is extremely cumbersome (see, e.g., the formula at p. 733 in [9]) and is not
presented here.

4 Formulas for the partial derivatives

As we mentioned above the formulas presented above for the J (α, β, γ ; j�(Vr32))
integrals are not the final formulas which can directly be used in calculations. In
actual calculations one needs to determine the third order derivatives from these
integrals with respect to the three parameters α, β, γ [see Eq. (5)]. Only after this
procedure do we find the values which are the final expressions for three-body inte-
grals arising in actual applications. Analytical computation of the partial derivative of
the J (α, β, γ ; j�(Vr32)) integrals with respect to the parameter α is straightforward.
To produce the explicit formulas for such derivatives note that Eq. (15) can also be
written in the form

F(α + β, V ) = �!
2�

√
2V
(� + 3

2 )
· (q2)

�+1
2 · 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; q2

)

= A(�, V ) · (q2)
�+1
2 · 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; q2

)
(20)
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where q2 = V 2

(α+β)2+V 2 and A(�, V ) = �!
2�

√
2V
(�+ 3

2 )
is a q-independent function. The

partial derivative with respect to the parameter α is determined with the use of the
following relation

∂ f

∂α
= 2q4

V 2 (α + β)
∂ f

∂q2
= ∂ f

∂β
(21)

where the function f = f (α +β) depends upon the sum α +β. Analogously, for any
function which depends upon the α + γ sum the partial derivative is

∂ f1
∂α

= 2q4

V 2 (α + γ )
∂ f1
∂q2

= ∂ f1
∂γ

(22)

where the function f1 is of the form f1 = f1(α + γ ).
Let us apply these formulas to the F(α + β, V ) function defined in Eq. (20). For

the partial derivative of the F(α + β, V ) function with respect to α one finds

∂F

∂α
= (α + β)

V 2 A(�, V )(� + 1)
{
(q2)

�+7
2 · 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; q2

)

+ (q2)
�+9
2 · (� + 1)

(2� + 3)
· 2F1

(� + 3

2
,
� + 3

2
; � + 5

2
; q2

)}
= ∂F

∂β
(23)

where we have used the formula

d[2F1(a, b; c; z)]
dz

= ab

c
· 2F1(a + 1, b + 1; c + 1; z) (24)

known from the theory of hypergeometric functions (see, e.g., [10]). These formulas
allow one to determine the explicit expression for the following second-order partial
derivative

∂2F

∂α∂β
= A(�, V )(� + 1)

V 2

{
(q2)

�+7
2 · 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; q2

)

+ (q2)
�+9
2 · (� + 1)

(2� + 3)
2F1

(� + 3

2
,
� + 3

2
; � + 5

2
; q2

)}
+ T (β)

2 (25)

where the term T (β)
2 is

T (β)
2 = 2(α+β)2

V 4 A(�, V )(�+1)
{
q4

∂

∂q2

[
(q2)

�+7
2 ·2F1

(�+1

2
,
�+1

2
; �+ 3

2
; q2

)]

(26)

+ (� + 1)

(2� + 3)
q4

∂

∂q2

[
(q2)

�+9
2 2F1

(� + 3

2
,
� + 3

2
; � + 5

2
; q2

)]}
(27)
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The analogous formula for the F(α + γ, V ) function takes the form

∂F

∂α
= (α + γ )

V 2 A(�, V )(� + 1)
{
(p2)

�+7
2 · 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; p2

)

+ (p2)
�+9
2 · (� + 1)

2(2� + 3)
2F1

(� + 3

2
,
� + 3

2
; � + 5

2
; p2

)}
= ∂F

∂γ
(28)

where p2 = V 2

(α+γ )2+V 2 . Note that the partial derivative of the functions F(α + β, V )

and F(α + γ, V ), Eq. (20), with respect to the parameters α, β and/or γ is always
written in the form of a product of the power-type function of q2 (or p2) and the
hypergeometric function 2F1 which also depends upon the variable q2 (or p2). This
simplifies analytical (and numerical) computation of the three-particle integrals with
spherical Bessel and Neumann functions. The second order derivative ∂2F

∂α∂γ
equals

∂2F

∂α∂γ
= A(�, V )(� + 1)

V 2

{
(q2)

�+7
2 · 2F1

(� + 1

2
,
� + 1

2
; � + 3

2
; q2

)

+ (q2)
�+9
2 · (� + 1)

(2� + 3)
2F1

(� + 3

2
,
� + 3

2
; � + 5

2
; q2

)}
+ T (γ )

2 (29)

where the term T (γ )
2 is

T (γ )
2 = 2(α+γ )2

V 4 A(�, V )(�+1)
{
q4

∂

∂q2

[
(q2)

�+7
2 · 2F1

(�+1

2
,
� + 1

2
; � + 3

2
; q2

)]

(30)

+ (� + 1)

(2� + 3)
q4

∂

∂q2

[
(q2)

�+9
2 2F1

(� + 3

2
,
� + 3

2
; � + 5

2
; q2

)]}
(31)

The formulas for the second order derivatives derived above formally solve the
problem of analytical calculations of the integral, Eq. (5), since the F(α + β, V )

function does not depend upon the parameter γ , while the analogous function F(α +
γ, V ) does not depend upon the parameter β. These parameters can be found only
in the denominators of the integral J (α, β, γ ; f ) defined by Eq. (7). This simplifes
all actual calculations of the partial derivatives upon the third non-linear parameter.
However, there is a special casewhenβ ≈ γ which corresponds to the exact singularity
β = γ in the formula, Eq. (7). In such cases to determine all required integrals we
need to introduce a small parameter � = β − γ and expand the incident integral
J (α, β, γ ; f ) = J (α, γ,�; f ) as a power series written in terms of �. Then we need
to consider only a few first terms in these series assuming that the parameter � is very
small and γ �= 0.
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5 Approach based on the power series expansions of Bessel and
Neumann functions

Another aproachwidely used to determine three-particle integrals containing spherical
Bessel andNeumann functions is based on the use of power series expansions for these
functions. In reality, one finds a few different power series expansions for the spherical
Bessel and Neumann functions, e.g., expansions which follow from the well known
expressions of these functions in terms of some elementary functions. In various
applications such expressions often contain trigonometric functions. In particular, the
power series expansions based on trigonometric functions (sinx and cosx) were used
in our earlier paper [6]. Below, we develop a different approach which follows from
the ‘natural’ power series expansion of the spherical Bessel and Neumann functions,
e.g., in the case of spherical Bessel functions

jL(z) = zL ·
(
1 − z2

1! · 2 · (2L + 3)
+ z4

2! · 22 · (2L + 3)(2L + 5)

− z6

3! · 23 · (2L + 3)(2L + 5)(2L + 7)
+ · · ·

+ (−1)n
z2n

n! · 2n · (2L + 3)(2L + 5) · . . . · (2L + 2n + 1)
(32)

Now, we can assume that in this equation z = pr32, where p is a real, positive number,
and re-write the right-hand side of this equation to the following form

jL(z) = b(0;L) p
Lr L32 − b(1;L) p

L+2r L+2
32 + b(2;L) p

L+4r L+4
32 − b(3;L) p

L+6r L+6
32

+ · · · + (−1)nb(3;L) p
L+2nr L+2n

32 + . . . (33)

where b(0;L) = 1, b(1;L) = − 1
2(2L+3) and b(k;L) = (−1)k 1

k!2k (2L+3)····(2L+2k+1)
.

With the help of this expression onefinds the following formula for the three-particle
integral JL(α, β, γ ; n1, n2, n3), Eq. (2), with the Bessel function jL(r32)

JL(α, β, γ ; n1, n2, n3; p)
= b(0;L) p

L
L+1,1,1(α, β, γ ) − b(1;L) p
L+2
L+3,1,1(α, β, γ )

+ b(2;L) p
L+4
L+5,1,1(α, β, γ )

+ (−1)nb(n;L) p
L+2n
L+2n+1,1,1(α, β, γ ) + · · · (34)

where the notation 
k,l,n(α, β, γ ) designates the following auxiliary three-body inte-
gral


k,l,n(α, β, γ ) =
∫ +∞

0

∫ +∞

0

∫ r31+r32

|r31−r32|
rk32r

l
31r

n
21

× exp(−αr32 − βr31 − γ r21)dr32dr31dr21 (35)
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where k ≥ 0, l ≥ 0, n ≥ 0 and α + β > 0, α + γ > 0 and β + γ > 0 (see below).
Analytical computation of this integral has extensively been explained in a number of
earlier studies. Correspondingly, below we restrict ourselves only to a few following
remarks. In perimetric coordinates the integral, Eq. (35), takes the form


k,l,n(α, β, γ ) = 2
∫ ∞

0

∫ ∞

0

∫ ∞

0
exp

[
−(α + β)u3 − (α + γ )u2 − (β + γ )u1

]

× (u2 + u3)
k(u1 + u3)

l(u1 + u2)
ndu1du2du3 (36)

where we took into account the fact that the Jacobian of transformation from the
relative (r32, r31.r21) to perimetric coordinates (u1, u2, u3) equals 2. The integration
over three independent perimetric coordinates ui (0 ≤ ui < ∞) in Eq. (36) is simple
and the explicit formula for the 
n,k,l(α, β, γ ) integral is reduced to the form


k;l;n(α, β, γ ) = 2
k∑

k1=0

l∑
l1=0

n∑
n1=0

Ck1
k Cl1

l C
n1
n

× (l − l1 + k1)!
(α + β)l−l1+k1+1

(k − k1 + n1)!
(α + γ )k−k1+n1+1

(n − n1 + l1)!
(β + γ )n−n1+l1+1 = 2 · k! · l! · n!

×
k∑

k1=0

l∑
l1=0

n∑
n1=0

Ck1
n−n1+k1

Cl1
k−k1+l1

Cn1
l−l1+n1

(α + β)l−l1+k1+1(α + γ )k−k1+n1+1(β + γ )n−n1+l1+1 (37)

where Cm
k are the binomial coefficients (= number of combinations from k bym) (see,

e.g., [9]).
Our computational results for some three-particle integrals with the Bessel func-

tions jL(pr32) can be found in Table 1, where a significant attention is given to the
three-particle integrals which are important in calculations of the photodetachment
cross-section of negeatively charged hydrogen ions. This means n1 = 1, n2 = 1, n3 =
1, L = 1 (or 0), p ≤ 0.25, etc. Some other integrals with L = 2 and 3 are also shown
in Table 1. Tables 2 and 3 contain the photodetachment cross-section of the ∞H− ion
determined for a number of different values of p = pe (momentum of the outgoing
photoelectron). All details of our calculations can be found in [5]. To determine the
photodetachment cross-sections given in Tables 2 and 3 we used four approximate
eigenfunctions of the ground 11S−state of the ∞H− ion which contain 100, 200, 300
and 350 basis exponential functions in the relative coordinates r32, r31, r21 (see dis-
cussion in [5]). Numerical highly accurate computations of the three-particle integrals
J1(α, β, γ ; 1, 1, 1; p) with the spherical Bessel j1(pr32) function plays a cenral role
during these calculations. Accurate and complete evaluation of the photodetachment
cross-section of negeatively charged hydrogen ions is a paramount importance for
prediction of the opacity of Solar photosphere for infrared and visible radiation and
for accurate calculations of the thermal balance at our planet. Absorption of radiation
by the negatively charged hydrogen ions also plays a crucial role in the photospheres
of the late A-stars, F, G and K stars (for more details, see, e.g., [5] and [11–14]).
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We have represented the unknown integral JL(α, β, γ ; n1, n2, n3; p) in the form
of a sum of some special auxiliary three-body integrals 
L+2m,1,1(α, β, γ ) for
m = 0, 1, 2, . . .. Analytical and numerical calculations of the three-particle integrals
which include the corresponding Neumann functions nL(pr32) are significantly more
difficult, since some of the (first) three-particle auxiliary integrals 
−k,1,1(α, β, γ )

arising during this process and included in the expansion similar to Eq. (34) are singu-
lar. Each singular integral contains a few singular terms which depend upon the cut-off
parameter ε as ln ε + γE , 1

ε
, 1

ε2
, 1

ε3
, etc, where γE = 0.577215 664901 53286. . . is the

Euler constant. The general structure of these integrals can be understood from the
explicit expressions for some of them


−1;1;1(α, β, γ ) = −16βγ [ln(α + β) − ln(α + γ )]
(β3 − γ 2)3

+ 4

(β2 − γ 2)2

[ β

α + γ
+ γ

α + β

]

(38)


−2;1;1(α, β, γ ) = − 4
ln ε − ψ(1)

(β + γ )3
+ 4

(β2 − γ 2)
[(4αβγ + 3β2γ + γ 3) ln(α + β)

− (4αβγ + 3βγ 2 + β3) ln(α + γ )] − 16βγ

(β + γ )3(β − γ )2
(39)


−3;1;1(α, β, γ ) = 4

ε(β + γ )3
+ 4α(ln ε − ψ(2))

(β + γ )3
+ 4βγ (2α + β + γ )

(β + γ )3(β − γ )2

+4 ln(α + γ )[αβ(3γ 2 + β2) + βγ (2α2 + β2 + γ 2)

(β2 − γ 2)3

−4 ln(α + β)[αγ (3β2 + γ 2) + βγ (2α2 + β2 + γ 2)

(β2 − γ 2)3
(40)

where ψ(n) is the is the psi-function (or ψ function) [9] (see pp. 952–956). For
positive integer n the psi−function is: ψ(n) = −γE + ∑n−1

k=1
1
k and γE is the Euler

constant (see above).
It is clear the auxiliary integral 
−1;1;1(α, β, γ ) is not singular, while the integrals


−2;1;1(α, β, γ ) and 
−3;1;1(α, β, γ ) are singular. Note that all 
−n;1;1(α, β, γ ) inte-
grals with n ≥ 2 contain the regular part and principal (or singular), ε-dependent part.
This complicates operations with such integrals.

6 Recursion formula for three-particle integrals

Another approach in the calculation of the three-particle integrals integrals is based
on the well known recursion relations [15] for the spherical Bessel and Neumann
functions

jL+1(z) =
(2L + 1

z

)
jL(z) − jL−1(z) and

nL+1(z) =
(2L + 1

z

)
nL(z) − nL−1(z) (41)
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By assuming that z = r32 in both equalities and calculating three-particle integrals
Eqs. (1) and (2) from both sides of these equations one finds the two following rela-
tions:

JL+1(n1, n2, n3) = (2L + 1)JL(n1 − 1, n2, n3) + JL−1(n1, n2, n3) (42)

and

NL+1(n1, n2, n3) = (2L + 1)NL(n1 − 1, n2, n3) + NL−1(n1, n2, n3) (43)

for three-particle integrals with the Bessel and Neumann functions, respectively.
The equalities Eqs. (42) and (43) allow one to determine the three-particle inte-
grals on the right-hand sides of these equalities, if we know the three-particle
integrals from their left-hand sides. In Eqs. (42) and (43) we apply the following
short notations which are simply related with the corresponding notations from in
Eqs. (1) and (2): JL(n1, n2, n3) = JL(α, β, γ ; n1, n2, n3) and NL(n1, n2, n3) =
NL(α, β, γ ; n1, n2, n3). The approach based on the use of recursion formulas for the
Bessel and Neumann functions is an effective way to compute a large number of three-
particle integrals with different powers of the relative coordinates (n1, n2 and n3). It is
important to note that this approach does not lead to any loss of numerical accuracy.

7 Conclusion

We have developed a few different approaches which can sucessufully be used in
calculations of three-particles integrals containing spherical Bessel functions of the
first and second kind (or Bessel and Neumann functions, respectively). One of these
methods is based on the use of the general analytical formula, Eqs. (6)–(7), derived
for three-particle integrals written in the relative coordinates r32, r31 and r21. In actual
applications this new approach has a number of obvious advantages. Another approach
is based on the use of power series expansions for the Bessel and Neumann functions.
Based on our experience in evaluating three-particle integrals containing spherical
Bessel functions of the first and second kind in any application, it is important to use
a few different approaches to determine such integrals and compare final results in
terms of numerical stability and overall accuracy.
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